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Abstract 


Herein, we further contribute and promote topological structures via bipolar hypersoft (BHS) setting by intro- 
ducing new types of maps called BHS continuous, BHS open, BHS closed, and BHS homeomorphism maps. 
We investigate their characterizations and establish their main properties. By providing a thorough picture of 
the proposed maps, we investigate the concept of BHS compact space and obtain several results relating to this 
concept. We point out that BH compactness preserved under BH continuous map. The relationships among 
these concepts with their counterparts in hypersoft (HS) structures are discussed. 


Keywords: BHS continuous map; BHS open map; BHS closed map; BHS homeomorphism map; BHS com- 
pact space 


1 Introduction 


Molodtsov introduced soft sets, a new mathematical method for dealing with vagueness, in 1999. Many 
scholars and researchers have researched soft set applications in various fields such as decision-making! fore- 
casting 8) computer science! data mining) and medical diagnosis 4 


In a variety of everyday problems, parametric values are further separated into sets of disjoint attribute-values. 
Existing soft set theory is inadequate for dealing with attributive-valued sets. To tackle real-life scenarios, HS 
set theory 28 defined by Smarandache in 2018, was specifically designed to make soft set theory in keeping 
with attributive-valued sets. Certain properties, operations, laws, relations, mappings, and applications of HS 
set theory and its extensions were discussed in22 The utilization of HS set theory in defining hypersoft 
topological space (HSTS) 221 HS connected spaces 24 HS separation axioms 24) HS continuity and HS compact 
spaces were also explored. 

Recently, Musa and Asaad24l proposed the concept of BHS set. It consists of two HS sets, one that provides 
positive information and the other that provides negative information. Under BHS set environment, they 
defined set-theoretic operations and discussed some of their properties. This concept was used by Musa and 
Asaad to define bipolar hypersoft topological space (BHSTS) inZ Many subsequent research, such as BHS 
connected space gl and BHS separation axioms|22/30] have looked at topological notions in bipolar hypersoft 
topologies (BHSTs). The authors24] defined mappings between BHS families. In order to contributes to this 
concept we define, in this article, continuity and compactness in the context of BHS sets. 


This article is presented as follows: BH set theory and BHST are discussed first. Section 3 introduces and 
investigates BHS continuous, BHS open, BHS closed, and BHS homeomorphism maps, which are all new 
types of BHS maps. In section 4, we study BHS compact space and discuss some of its characteristics. 
Finally, in section 5, we conclude the paper and make recommendations for further research. 
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2 Preliminary Concepts 


2.1 Bipolar Hypersoft Sets 
Throughout this work, Jt denotes the universal set; 2® denotes the set of all subsets of SR, and } denotes the 
universal parameter set where © = 01 X 02 X... X On Witho; No; = yandi ¥ j. Also, A, A C &. 


Definition 2.1. 2A triple (g,g, A) is called a BHS set over Jt, where g and g are mappings given by g : A > 
2* and g : ~A — 2® such that g(0) Ng(-2) = ¢ forall £ € A. 

We write (g,g, A) = {(¢,9(0),g(-8) : £€ Aand g(£)Ng(-£) = ¢}. 

The collection of all BHS sets on ® with the set of parameters © is denoted by Wig,5). 


Definition 2.2. 2 Let (91,91, A), (g2,§2, A) € Uy). Then 


= (92,92, A), if A Cc A and gi (0) e 


i. (91, gi, A) is a BHS subset of (g2, go, A), denoted by (91,91, A) 
G2(0), fa(70) © gi(78) for all 2 € A. 


e 


e 
= 


ii. (gi,Hi, A) and (92; H2; A) are BHS equal, if (NH: A) c (92, G2; A) and (92,92; A) E (91.41, A)- 
iii. If gi (¢) = pand gi(72) = ¥ forall £ € A, then (g1, 91, A) is called a relative null BHS set and denoted 
by (®, 8, A). 


e 
= 
= 


iv. If gi(€) = Rand gi(70) = ¢ for all £ € A, then (1, 91, A) is called a relative whole BHS set and 
denoted by (St, ®, A). 


v. The complement of (gi, gi, A) is a BHS set (91,91, A)° = (ge. fi’. M) Slee = peau 
Hi (6) = (4 forall 2 € A. 


The union of (1, gi, A) and (go, go, A), denoted by (91,91, A) i (g2,g2, A), is a BHS set (9,9, C), 
where C = AN A and for all  € C: g(@) = gi(€) U go() and g(70) = gi (70) N ga(-0). 


we 


Vi. 


The intersection of (g1, 1, A) and (g2, g2, A), denoted by (91, 91, A) A (92, §2, A), isa BHS set (g,g, C), 
where C = AN A and forall € € C: g(€) = gi(€) 1 go(0) and g(70) = gi (70) U go(-0). 


Vii. 


= 


Definition 2.3. 24 Let (g,g,%X) be a BHS set over R and YT be a non-empty subset of R. Then the sub BHS 
set of (g,g, X) over Y denoted by (gr, gr, X), is defined as follows: 


Gr(0) = TN g(0 and gr (70) = TN G(-£), for each £ € B. 


Definition 2.4. Let 7: R > N be an injective map. Let 6 : © 4 Sand \ : aX — AD be two maps such 
that \(>0) = —4(£) for all -0 € =¥ and V5) : Op.) + G(s) be a BHS map. Then: 


1. The image of (9,9, A), Uys, ((g,g, A)) = (Vysx(g), Vyax(G), ¥) is a BHS set in Gx, given as, for 


all fe % 
Z A i =1 j 
Wy sa(g)(8) = Y (Uses-nag) , ifd (6) NAF 
Y, otherwise 
, ‘ g(a i -l( j =a 
Vy5r(g) (8) = a (Qeere ney 0), A ae ne 
: otherwise 
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2. The inverse image of (ff, A), a (Cad A)) = (Ws Gar Wry (f), ) is a BHS set in Ug) given 
as, forall Zed 


4 _fv FCO), if5Q eA 


3 AFA), if A(8) € WA 
Waa CO -| R, if (0) ¢ 7A 


Definition 2.5. 2! We call a BHS map W.,5) BHS surjective (resp., BHS injective, BHS bijective) if the maps 
+ and 6 are surjective (resp., injective, bijective). 


Proposition 2.6. If V45, : Os) > Ow.) is a BHS bijective map, then Ws : Ow.) > Oey) is also a 
BHS bijective map. 


Proof. Let (a) %)F (fi, fo, ©) € Ua yy: Since U5) is a BHS bijective map, then there exist (91,91, D) 
# (92,2, u) € Ue.yy such that Vy5\ (91,91, 2) = as and eee = (asf ¥). Also, we 
have (g1, 1,5) = WA (fi.fi,®) and (go, 92,5) = Wr (fa. fo, B). So, Wi (Afi, 8) # VA ff, D) 

and Wr5y is BHS injective map. Now, let (g,g,¥) € Oca,y). Then, there exists (fs f, >») ye Or, %) such that 


Wi5(Go92h) = (ff, ). Since W.,5, is BHS injective map, then (7,9, “) = UE f,S) »). Hence, Ws 
is BHS surjective map. Consequently, Wri is BHS bijective map. 


Definition 2.7. Let Uy5) : Ow,s) > Owy,s5) and O45, : Des) oa Sug %) be two BHS maps. Then 


the BHS composite nes O45, 9 Wye, 2 Omsy 2 0 is defined by (O45, 0 Vy5)) (9,9, >) 
O45,(Vy5((g,g, 2))) for (9,9, X) € Vey). 


Proposition 2.8. Let Uy5) : Oi,s) > Oa.sy and O65 : Oey) 6) 


(M,3) 


(3) be BHS bijective maps. Then 
045. 0 Vy5, : Oe) > Oa5) is also a BHS bijective map and (O50 Vy5,)~1 = Wry ° Ors 


Proof. Let oe. F (g2,§2,u) € U (#,5)- Since V5, is BHS injective map, then oo 
x Vasa (92, G2, &) . Again, since U5, is BHS surjective map, then there exists (9.9 9,4) © Og) such 
that Vy5\(g,g,5) = (f, f, Yi Then, 0.5,(Vy5.(9,9, 5) = (A, fh, %) and hence | o Wy5) is a BHS 


surjective map. Therefore, O15, 0 V5, is BHS bijective map. Next, let (9,9,%) € Ow,s)> YS, f, >») 


Oey,sy> and (h,f,2)e Bad) such that U5,(g,g, &) = GF and adhe = (A, fh, ¥). Since, 
Wy5, and O15, are BHS injective maps, then (y, mee = Wins ts%) and (f.f,%) = O55 (4, h,>). 
Now, (845. © Wysa) (9.9: ¥)) = On. Wyor((G.F: =))) = Oraaf, F,%) = (A, fi). Since, O75, 0 Vy5r 
is BHS injective map, then ie o Wy5,) 1 ((A, h, ¥)) = (g,g,&). Also, (Wr 5 ° O55) ((A, h, x)) = 
Wr 5, (O75, ((4, a %)) Won (ff, ¥)) = g,g,&). Hence, (85, 0 V5)! = Se ea Se 


2.2 Bipolar Hypersoft Topological Spaces 
Definition 2.9. 22 Let Ts be the collection of BHS sets over Jt, then 7g is said to be a BHST on & if 


1. (©, R,d), (RK, ®, D) belong to Tx; 


2. the intersection of any two BHS sets in 7 belongs to Tx; 
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3. the union of any number of BHS sets in Jy belongs to Tx. 


Then (Jt, 72, 2, 74) is called a BHSTS over #R. 
Definition 2.10. 2 Let (KR, Tx, 4, 7X) be a BHSTS over ¥t and Y be a non-empty subset of R. Then 


+ ={(gr.9r5=) | (4.9.5) € To} 


is said to be the relative BHST and (TY, 7x,., ©, =) is called a BHS subspace of (Rt, 7, ©, =X) 
Definition 2.11. 2 Let (R, Te, U, aL) be a BHSTS and (g,g, ©) be a BHS set over t. Then: 


1. the intersection of all BHS closed supersets of (g,g,X) is called the BHS closure of (g,g,X) and is 
denoted by (g,g, 5) 
2. the union of all BHS open subsets of (g,g, X) is called the BHS interior of (g,g, X) and is denoted by 
(9.9; x)? 
Proposition 2.12. ZAret (R, Te, E, 7D) be a BHSTS over ¥. Then the collection Ty = {(g,) | (g,g,) € 
Ts} defines hypersoft topology (HST) on §t. 
Proposition 2.13. 24 Suppose that (R, Tt, =) is a HSTS over R. Then Tx consisting of BHS sets (9.9. 
such that (g,X) € Tyg and g(70) = KR \ g(é) for all al € A%, defines a BHST over ¥. 
Definition 2.14. 251A HS map Wis: (R, Tye, E) > (&, Tx’, %) is said to be HS continuous if ba racer) 
Ty for every (f,%) € Ty. 


Definition 2.15. 2514 HS map W,5 : (Rt, Ty, ©) > (8, Tx", ¥) is said to be: 


1. HS open if the HS image of every HS open set is HS open. 
2. HS closed if the HS image of every HS closed set is HS closed. 


Definition 2.16. 25] 4 HSTS (3, 7;’, ¥) is said to be HS compact space if each HS open cover of (Jt, ©) has 
finite HS subcover. 


3 Bipolar Hypersoft Homeomorphism Maps 


BH continuous, BH open, BH closed, and BH homeomorphism maps, which are novel types of BHS maps, 
are discussed in this section. We look into their descriptions and look for key characteristics. 

caine 3.1. A BHS map Ws : (R, Te, E, 75) — (8,T7x,¥, 7%) is said to be BHS continuous if 

Ws (ff, )) )) € Tm for every (f, f, ye Te 

Example 3.2. Let R = {r1, 72,73} and XN = = {m,M2,73, Na} be two sets, 0,7 = = {01, bo, b3, La}, 02 = 
{ls},o03 = {6}, and o = {&,,02, 03,44}, 02 = {t5},0%3 = {&6} be sets of parameters, 7 : } —+ N be 
a mapping defined as y(r;) = 7; for i = 1,2,3, the mapping 6 : X —» © be defined as 5((é1, 5, 0¢)) = 
5((l2,¢5,46)) = (41,45, 66), 5((63,5,46)) = (63,45, 66), 5((C4, 65, 46)) = (44,45, 66), the mapping  : 
=D -» a¥ be defined as \(7¢;) = 76(6;) for i = 1,2,3. Let Te = {(®, R, E), (KR, &, EY) ), (g,g, &)} and 
Tr = {(8, Ny s), (X, ®, yi, Cae »)} be two BHSTs defined respectively on Jt and N where (g,g, ) and 
ff, >) are BHS sets defined as follows 


(9:9,™) = {((4, 65,6); {r3})> (C2, 65, £6), 9, {ra}), (es, ls, £6), {ri}, {r3})» ((4,e5, 46), e, R)}, and 
(ff, : = = {( (£1, £5, £6), {na}, {ns}), ((€2, &s, £6), {m}, {n2}), ((€3, &s, £6), {m}, {n3,14}); ((L1, €5, £6), Y; N)}. 


Then, it is easy to see that V5) : (R, Ty, &, 7X) + (X, Tr, » =3) is BHS continuous map. 
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Proposition 3.3. Let Uy5, : (R, TR, hu, 72) > (8, 7x, » =») be a BHS map, then the following statements 
are equivalent: 


i, W5) is a BHS continuous map. 

ii. The BHS inverse image of each BHS closed set is BHS closed set. 
iii, U5,((f,f,4)) G U5, (f,f.5) f,)) for all (f, f, ©) E (8, 8, ¥). 
in Wy5x((GF.E)) E Vysx((GF, 5) for all (g,9,) E(B, ®,¥). 


» WA F.5)%) E (Gah (fF F.2)))" forall (f,f,8) E 4,8), 


Proof. (i.) = (ii.): Let (f,f,%) be a BHS closed set in (, Te, 8, -%), then WTA (ff, 5))° is a BHS 
open subset of (R, ,¥). But, w(ES, d))e= (UALS, »)))¢, then wh, %)) is a BHS closed 
subset of (I, ®, D). 


(ii.) > (iii.): Obviously, (f ee >) is a BHS closed subset of (X, ®, ©). From (ii.), Wan l(f )) is a BHS 


closed subset of (8, ®, ©) and hence w(ES, %)) = US (GE F.E)): Obviously, ff, s) e (ff,5) 
and Wa (F. FE) © Wray (FoF. ¥))- Then, CA(FF,2) © WA FFB) = Wa GF.) = 
WF F,%)) 


(iii.) = Giv.): Let (gg, ) E (R, &, 5), then Vyarx((9.g, 2) EC (X, 4, x). From (iii.), Ys (Wy5a((g,9,))) 
Cc Wy5n (Wor ((G.5=)))- Then, (9:9,™) ie Vis (Vyorl(GJ, x))) Cc Wrsn(Vyer((9.9,=)))- It follows 
that, Vs((9.9,5)) E Vysn(U75(Uyx(Gg, 2)))) E Wyo ((G.9, ©) 


IT TR 


(iv.) = (v.): Let (f, i >) cc (X, ®, >), then apply (iv.) to (f, Z %)°, we obtain Wr5x( ee »)°)) 
Wy5r( Wosn AF? ve ). Hence, U5) ((( (ee >))) ey JEFF SE ye = GF »)° ¢. Thus, 


Wrsy ((f.f.5))) I Wosy Ces f %)? ). Therefore, Wrsn (AS, %)? JE wan (Ff, 7 »)) 


in rae 


ie => (i.): Let (f, f,5) be a BHS open subset of (X, ®, d). From (v.), eo (F f >) y= es ee f, )) 


aN (f,f,5))) °. But, ( (Wr 5a( (f,f,5)) EWA (f,f,%)). Wri ((f,f,%))) Wri ((f.f,5)) 


and Wand, f, b3)) ) is a BHS open subset of (R, ®,X). Therefore, is a BHS continuous map. 


Proposition 3.4. A BHS oS map - : (R, Tr, Uy 7 a (X, Tx, =5) is a BHS continuous if and 
only if (V5.((g.9sE)))? E Vasa (g.Gs E)”) for all (9,9, ¥) & (R, ®, D). 


Proof. Let V5, bea BHS mre map. Let (g,g, ©) E (R, ©, 5), then V,5,((g,g, ©)) E (8, Te, ©, 7). 
Obviously, (W45,((g,g, X)))° is a BHS open in (8, Tx, © 4,20 ») As, V5, is a BHS continuous map, then 
Wan ((Wy6a((9.9,©))) a is a BHS open in (, ee , 7B) and (WI5 (Uys (9.9; 2)))?))? = 


Ws (( (W45.((G,9, D)))°): Clea. y5\((G;9s©)))° E Vy5a((9,g, &)). As, U5 is a BHS injective map, 
then Wh ((ysa((g.d.E))*) © (g.G.B) and ( ee 39)? = WS (Wran(GF.D))) 
C C gg g,d)°. Again, as V5, is a BHS surjective map, then (W,5,(g,g, X))° Cw Wyo (9,95 %)") 
versely, let (f, fy ») be any BHS open set in (XN, 7x, U on then Drs Ge a >)) e ne By hy- 


. Con- 


pothesis, (V5) ( Ws (( ((f, fs »))))? E nue b5. - ‘ %)))°). Since, W.,5, is a BHS surjective map, 
then (f, f, Se = (Ff, f, Dp oe (w von (Ff, f, )) ire since U5, is a BHS injective map, then 
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AEP ED) E GAAS S))". Bue (WA FE)))" EWA FF, 8) and so (GSA (F,F,2)))° 
= Dl s, %)). Therefore, Wilf, %)) is a BHS open in (, Ty, ©, =) and consequently V5) is a 
BHS continuous map. 


The next two results are straightforward, so we cancel their proofs. 


Proposition 3.5. A BHS map V5) : (R, Tr, 2,7) > (8, Te, ss, =) is a BHS continuous map if: 


i. (X, 7x, y =») is a BHS indiscerte space. 
ii. (KR, Tg, 4, aU) is a BHS discerte space. 


Proposition 3.6. Let U5) : (R, TR, ©, 7U) > (8, 7x, y =) be a BHS continuous map: 


i. If Ty is a BHS finer than Ty, then Vy5y : (R, Ty, 5, 7X) > (%, Tr, s =5) is a BHS continuous map. 


ii. If Tx is a BHS coarser than Ty, then V5, + (R, Te, 5, 7h) > (8, Tx, », =>>)) is a BHS continuous 
map. 


Definition 3.7. Let (R, 7, &, =X) be a BHSTS. A subcollection 6 of Js is called a BHS base for 7x if every 
element of 7 can be expressed as the union of members of 3. Each element of § is called BHS basis element. 


Proposition 3.8. A BHS map V5, : (R, Tr, 5,72) > (8, Tr, yy =5) is a BHS continuous if and only if the 
BHS inverse image of every member of a BHS base { for (&, Tx, a =») is a BHS open in (®, Tr, 4, 7). 


Proof. Let V5, be a BHS continuous and (6, b, >) be any BHS basis element for (X, 7x, Y, =). Since 
(6, 6, >) is a BHS open set in (&, Tx, ©, -%2) and W.,5, is a BHS continuous map, then Wes ((5, 6,»)) isa 
BHS open set in (, 7, &, 7). Conversely, let Wry ((5, 6,%:)) be a BHS open set in (9, Te, ©, =) for 
every (6, 6,) € 8, and let (ff, ) be any BHS open set in (XN, 7x, ©, 7). Then 


Hence UAE SF, %)) is a BHS open set in (9, Ty, ©, 7¥) since each Wr ((6, 6, %))) is a BHS open set in 
TR, 4,7 othesis. Therefore, U5) is a continuous map. 
R, Te, ©, 7D) by hypothesis. Therefore, U5) is a BHS conti p 


2 
2 


Proposition 3.9. Let U5, : (R, Te, ©, 7) @ (&, Tx, ©, 7B) and 45) : (8, Tx, 3, 4%) > (M, Tir, %, 75) 


be BHS continuous maps, then 0.45, 0 V5, + (R, Te, 2, 7h) > (M, Tu, %, 2%) is also a BHS continuous 
map. 


Proof. Let (f, hy *) be any BHS open set in (M, 7x, yy, =>). Since 0,5, is BHS continuous map, then 


O75, ((A, fh, %:)) is BHS open in (&, Tx, ©, 7%). Again, since V5, is BHS continuous, then Wr 5 (O55 (4, fh, >)) 
is BHS open in (, 7, 4, =X). But 


n~ 


Wh (Opa (A, A, »)) = (Wr 2 O55) (4, h, ») = (045, 0 Uys.) *(A, A, ») 


Thus, the BHS inverse image under 0.5, 0 V5, of every BHS open set in (M, Tu, Y, =») is BHS open set 
in (R, Tx, UL, 7) and therefore O,5, o Uys, is a BHS continuous map. 
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Proposition 3.10. Jf a BHS map V6 : (R, Te, U,7E) > (X, Tx, D7 >») is BHS continuous, then the HS 
map V5: (R, Te, =) > (8, Tk’, L) is HS continuous. 


Proof. Straightforward. 


Proposition 3.11. Let the condition of constructing a BHST from HST as in Proposition aE ee Tf a 
HS map V5 : (Rt, Top, XZ) > (8, Ty’, Z) is HS continuous, then the BHS map V5, : (RK, Tx, 2,72) 4 
(X, Tx, 4, =U) is BHS continuous. 


Proof. Let V5 be a HS continuous map and let (ff, >») be a BHS open set in (8, 7x, x =). Then (f, y) 
is a HS open set in (X, 7”, %). Since W5 is a HS continuous map, then Wf )) is a HS open set in 


(Rt, Tt, x). Hence, UGS, %)) is a BHS open set in (R, Ty, ©, 7D). Thus, U.5) is a BHS continuous 
map. 


Definition 3.12. A BHS map W,5) : (R, Tr, 2,72) > (8, Te, AY) i is said to be: 


1. BHS open if the BHS image of every BHS open set is BHS open. 

2. BHS closed if the BHS image of every BHS closed set is BHS closed. 
Proposition 3.13. A BHS map V45, : (R,Tp,u,7u) > (X, Te, ©, 73) is a BHS open if and only if 
W5((g.G, B)®) E (Wy5(g.G, ©)? for every (g,g, ©) E (R, ®, E). 


Proof. Let W.5, be a BHS open map and let (9,9, X) C (R, ®, d). We know that, (g,g,X)° is a BHS 


open set. Since W,5, is a BHS open map, then W,5,((g,g,X)°) is a BHS open set in (8, Tx, 7B) 
and (W45a((g.g,¥)°))? = Vysa((g.g,¥)*). Obviously, (g,g,¥)? E (g,g,¥) and Vysa((g.g, ¥)’) 


Wi5.(9,9s )- Therefore, (Wy5r((G.9,2)°))? = V5r((9,5;=)°) c (W5,(g,g, &))°. Conversely, let 


Wysr((g,g.&)°) E (Vysa((g,g,=)))° for every (g,g,=) E (R, ®,D) and let 7 st be any BHS open 
set in (I, Te, U, aL) so that (g,g,u)° = (g,g, Xu). This implies V,5\((g,g,%)°) = au, (9,9, 0 pe 
Wyr((9.9; h)))?. But (Wysr((g.9; Py E V5((9,9, &) ) and So Wysa( foe = Wy5r (9,9; ™) yy 
Therefore, V5, ((g,g, X)) is BHS open set and hence V5 iL BHS open map. 


Proposition 3.14. A BHS map V,5, : (R, TR, 5,72) > (8,Te, », 7) is a BHS closed if and only if 
D599; x)) c Vi 5((G9; &)) for every (9:5: >) C (R, ®, >). 


Proof, Let U5, be a BHS closed map and let (g,g,©) © (R, ®,E). We know that, (g,g,%) is a BHS 


closed set. Since V5, is a BHS closed map, then W45r((9,4 >) &)) is a BHS closed set in i Fee an >) and 
Wy5r((99: x)) = Wrsr((G9; %)). Obviously, (9,9, ©) c (9,.5;>) and W5)( (9.9, U))E CE Wy5.( (9,g,>) 

Therefore, U5, ((g,9,=)) c W,5\((9;9; ©)) = Vysa((g,g, =))- Conversely, suppose that U5, ((g,9, ©)) 
Cc Wy5r( te for every — x) c (R, ©, S) and let (g,g, X) be any BHS closed set in (#, Tp, U, 7¥) 
so that (g,9, 5) . = (g,g,&). This implies U,5,((g,g, X)) EB W55.((G.9,)) = Vysr((g,g,b)). But 


Wrsr((Gsg,d)) EF a = d)) and hence W5)((g,g, )) = Vysx((g,g, X)). Therefore, Vy5,((g,g, 5 
is BHS closed be and hence V5, is BHS closed map. 


Proposition 3.15. Let V5) : (St, Tx, ©, 7) 3 (8, Te, ©, 7B) and 0,5, : (8, Tx, 2,78) > (M, Tir, ©, 75) 
be two BHS maps, then: 


i. If Vy5, and O45, are BHS open maps, then 0.45, 0 V5, is also a BHS open map. 
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li. If O45, 0 V5, is a BHS open map and V5) is a BHS surjective BHS continuous map, then 0.5) is a 
BHS open map. 


ili. If O45, 0 Vy5 is a BHS open map and 0.5 is a BHS injective BHS continuous map, then V5) is a 
BHS open map. 


Proof. i. Let (g,g, X) be a BHS open set in (Jt, Tp, 2,7U). Since V5, is a BHS open map, then 
WV55.((g,g, 4)) is a BHS open set in (X, 7x, ¥, 7X). Again, since O,5, is a BHS open map, then 
045.(Vysrx(9,9,b)) = (Oy5. 0 Vy5y)((g,g, 5)) is a BHS open set in (M, Tur, d,7%). Hence, 
05, 0 Uys, is a BHS open map. 


ii. Let (ff, >) be a BHS open set in (8, Tx, ©, 7). Since W5, isa BHS continuous, then WAS, >)) 
is a BHS open set in (#, Jy, &,-U). Again, since 0,5, o U,5, is a BHS open map, then (O05) 0 
V5) (Urs (Ff >))) is a BHS open set in (M, Tyr, = a As, W45, is a BHS surjective, then 


(O76 0 Pyoa)(W es oe oe) O55.(Wy5a( WAS >)) Qo5x (ff, >)) is a BHS open set 
in (M,7u,™& Bs). Hence, ah is a BHS open map. 


iii. Let (g,g, X) be a BHS open set in (R,7R,5,7¥). Since 5, 0 ys, is a BHS open map, then 
(05,0 W45,)((g,g, 5)) is a BHS open set . (M, Tu, s 5 Again, since 05) is a BHS continuous 
map, then O75, ((Oy5 o Wy5y)((9,9, D) . a BHS open set in (%, 7x, yy =). As, 9.5, is a BHS 
injective, then 95 5,(O>6 ° Wa or( (9.9 re = 055, (O,6,(Vy6,GsGs=))) = Vysrl(g.g, ©) is a 
BHS open set in (8, 7x, 4, 7 é). Hence, ane is a BHS open map. 


Proposition 3.16. Let V5) : (St, Ty, ©, 72) 3 (8, Te, ©, 7E) and 0,5) : (8, Tx, 2,78) > (M, Tir, ©, 75) 
be two BHS maps, then: 


i. If Vy5, and O45, are BHS closed maps, then 0.5, 0 Uys, is also a BHS closed map. 


ii. If O45, 0 V5) is a BHS closed map and V5) is a BHS surjective BHS continuous map, then Q.45 is 
a BHS closed map. 


iii. If 045, 0 Uy5, is a BHS closed map and 0.5 is a BHS injective BHS continuous map, then Vy5) is a 
BHS closed map. 


Proof. Similar to the proof of Proposition 


Proposition 3.17. If a BHS map V5: (R, Tx, &, AL) > (X, Tr, , =>) is BHS open (closed), then the HS 
map V5 : (Rt, Toe, &) > (®, Ty’, &) is HS open (closed). 


Proof. Straightforward. 
Proposition 3.18. Let the condition of constructing a BHST from HST as in Proposition hold. If a HS 
map V5 : (R, 79,5) 4 (8,7, U) is HS open (closed), then the BHS map V45, : (R, TR, =,7¥) > 
(X, Tr, 3), =») is BHS open (closed). 


Proof. Similar to the proof of Proposition 


Definition 3.19. A BHS bijective map Vy5) : (R, 7g, U,7b) > (X, Tx, 4, 7%) is said to be BHS homeo- 
morphism if V5) and Wrsn are BHS continuous maps. 


Proposition 3.20. If Uy5, : (R, TR, ,7h) > (8, 7x, s. =) is a BHS bijective map, then the following 


statements are equivalent: 
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i, W5) is BHS homeomorphism. 
ii. W45) is BHS continuous and BHS open. 


iii. Wy5) is BHS continuous and BHS closed. 


Proof. (i.) => (ii.): Let @,5, be the BHS inverse map of W.5, so that Wrsy = Oy5) and O75 = Wy5y. 


Since V5) is BHS bijective map, then ©,5) is also BHS bijective. Let (g,g,&) be a BHS open set in 
(R, Tx, U,7L). Since ©.5, is BHS continuous, then On(GI %)) is a BHS open set in (X, Tx, 4, 7D). 
But 95, = Ws, so that O75, ((g,9, 5)) = Vysa((g.g, =)) is a BHS open set in (XN, Tr, %, 75). It follows 
that U5, is BHS open map. Also, Vy5) is BHS continuous by hypothesis. 


(ii.) = (iii): Let (g,g,X) be a BHS closed set in (I, Te, U, 7X), then (g,g,¥)° is a BHS open set. Since 
WV.5, is BHS open map, then W,5)((g,g, X)°) is a BHS open set in (8, Te, ©, 73). As V5, is a BHS 
bijective map, then V,5,((g,g,5)°) = (Wy5r((g,g, X)))°. Hence, V55,((g,g, X)) is a BHS closed set in 
(X, Tx, y =) and consequently U5) is BHS closed map. 


(iii.) = (i.): Let (g,g,X) be a BHS open set in (Jt, Tp, , 7X), then (g,g,X)° is a BHS closed set. Since 
V5, is BHS closed map, then ©,5.((9,9,©)°) = 955, (9.9; ¥)°) = (9553 ((9.9; ©)))° is a BHS closed 
set in (NX, 7x, 4, 74), that is, Or5(GF: X)) is a BHS open set. Hence, 0,5, = Wr5n is BHS continuous 
map. 


Proposition 3.21. Let V5) : (St, Te, ©, 72) 3 (8, Te, ©, 78) and 0,5, : (8, Tx, 2,78) > (M, Tir, ©, 75) 


be BHS homeomorphism maps, then 0.5, 0 Vys5x + (R, Te, &, 7) > (VM, Tu, y, =) is also a BHS home- 
omorphism map. 


Proof. Follows from Proposition [3.9] Proposition (i.), and Proposition 
Proposition 3.22. If Vys5, : (R,7R,U,7h) > (8,7, », 75) is a BHS homeomorphism map, then the 
following statements hold for all (g,g,™) E (R, ®, >). 


L. Wisr((Gs9s x)) _ W45r((9;9; &)): 
ii. Wy5((9,gs%)°) = (Vysr(G.gs ©)” 


Proof. i. Follows from Proposition 3.3] Proposition and Proposition 
ii. Follows from Proposition[3.4} Proposition and Proposition 


4 Bipolar Hypersoft Compact Spaces 


In this part, we look into BHS compactness, which is another significant property of BHSTSs. The topic of 
BHS compact spaces is examined, and certain conclusions are drawn. 


Definition 4.1. A collection {(g;, gi, =) : i € I} of BHS sets is called the BHS cover of a BHS set (g,g, ©) 


if (g,9,5)C i {(Gi,Ji X) i € I}. If each member of {(g;, g;, &) : 1 € I} is BHS open set, then it is called 
the BHS open cover of (g,g, X). A BHS subcover is a subcollection of {(gi,gi, 4) : 1 € I} which is also a 
BHS cover. 


Definition 4.2. A BHSTS (, 7m, X,—7%) is said to be BHS compact space if each BHS open cover of 
(KR, &, 4) has finite BHS subcover. 
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Example 4.3. Let 8 = {ri,r2,rs}, 01 = {l1,62}, 02 = {0s}, and o3 = = Let Ty = {(®, 8,5), 
(R, ®, x) (Gf >), (92; H2, X), (93,93; ), (ga, Jad), (95,95, =); (96, Je, &) (97,97, 5 )} be a BHST de- 


ne on ®, where 

(gi, fis d) = {((C1, ls, £4), {ro}, {ra}), (42, ls, 4), {ra}; {ra} )}- 
(Ga, G2, ©) = {((t1, €3, £4), {ra} {r3}), (42, fs, 4), {ri}, {r3})}- 

(3, G3»%) = {((¢1, €3, £4), {ra,r2}s {r3}), (C2, 3, 4), {ra 72}, {r3})}. 
(ga, Ga, ©) = {((€1, €3, £4), {r2, 73}, p), (la, €3, la), {r2, 73}, 9) }. 

(95> H5.™) = {((41, ls, la); {ris 73}, y), (2, 3, 4), {r1, 73}, 9) }- 

(Ge G6, =) = {((¢1, €3, £4), p, {r3}), (2,63, €4), 9, {r3})}- 


(G75 Hi x) _ { (¢ , £3, 4), {rs}, Y), ((l2, €3, £4), {ra}, p)}- 


It is easy to see that (Kt, Tx, ©, =X) is a BHS compact space. 


Example 4.4. Let ® = {r1, 72,173, ...$,01 = {41, £2}, o2 = {63}, o3 = {44}, and consider the family of BHS 
sets {(Gn, gn, &) :n = 1,2,3,...}, where 


(Hossa x) a {((41, 3, £4), {r1, 72, aie Tats ~), ((€2, €3, £4), igen eae y)}. 


The family Te = {(®, Re, x), (R, ©,¥), (GnsGn; &)} is a BHST on R. However, (R, Te, U, =¥) is not a BHS 
compact space. 


Proposition 4.5. [f (R, Tx, 4, 7X) is a BHS compact space and Tx is BHS coarser than Ty, then (R, Tys , , 7X) 
is BHS compact. 


Proof. Let the collection {(g;,g;,X) : i € I} be a BHS open cover of (R, ®, D) in (R, Ty, , 7%). Since Tx 


is BHS finer than 7;%, then each member of {(g;, gi, U) : i € I} is also a BHS open set in (R, Tx, U, 7D). 
Hence, {(g;,gi, &) : i € I} is alsoa — open cover of (, ®, ) in (Rt, Te, U, 7E). Since (I, Te, U, 7E) is 
a BHS compact space, then {(g;,g;,&) : i € I} has a finite BHS subcover. It follows that (3, Jj, 2, =X) is 


BHS compact space. 


Proposition 4.6. Let (Y, 77, %, 7%) be a BHS subspace of (R, TR, 4,75). Then (Y, Tr, u, 75) is BHS 
compact space if and only if every BHS cover of (Y,®, 5) by BHS open sets in (R, TR, 4, 7%) contains a 
finite BHS subcover. 


Proof. Let (Y, 7, 4,7) be a BHS compact space and {(g;, gi, 2) : i € I} be a BHS cover of (Y, ®,d) by 
BHS open sets in (9, Ty, 2,7). Then the collection {(g:,,fiy, ©) : i € I} be a BHS cover of (Y, ®, >) 
by BHS open sets in (TY, 7, ©, =H). Since (Y, Ty, ©, -H) is a BHS compact, then the finite subcollection of 
{(GixFiys ©) : i € I} is also a BHS cover of (Y, ®,¥). Thus, the finite subcollection of {(Gi,Ji,u) 11 € I} 
is also a BHS cover of (Y,®,). Conversely, let {Giy Fix: ®) : i € I} be a BHS cover of (Y, ®,%). 
Obviously, {(g:,gi,&) : i € I} be a BHS cover of (Y,®,¥) by BHS open sets in (#, TR, U,7L). By 
hypothesis, the finite subcollection of {(gi,gi,5) : i € I} is also a BHS cover of (Y,®,¥) and hence 
1 Gini His Xu) :%=1,2,...,n} is a BHS subcover of eX, ®,d). Therefore, (Y, 7+, ©, =) is BHS compact 
space. 


Proposition 4.7. A BHSTS (, Ts, &, 7%) is a BHS compact if there exists a BHS basis 3 for Ty such that 
every BHS cover of (Kt, ®, ©) by the elements of GB has a finite BHS subcover. 
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Proof. Let (3, Tz, 2, 7X) be a BHS compact space. Obviously, 7x is a BHS basis for 7. Hence, every BHS 
cover of (, ©, ©) by the elements of Ty has a finite BHS subcover. Conversely, let {Gi,fi, 4): i € I} bea 
BHS cover of (R, ®, =). Now, {(gi,gi,X) : 1 © T} can be written as the union of some BHS basis elements 
{(i, b;, x) : i € I} of B. These elements form a BHS cover of (Jt, ®,X). By hypothesis, every BHS cover 
of (R, ®, >) by the elements of @ has a finite BHS subcover. Now, we have {(6;, bi, X): a= 1,2,...,n} 
C {(gi,fi,©) : i = 1,2,...,n}. This implies that {(g;,g;,©) : i = 1,2,...,n} is a finite BHS subcover of 
(R, ®, 1). Hence, (It, 7, H, =X) is a BHS compact space. 


Proposition 4.8. f U5) : (R, Te, ©, 7U) > (, Tr, x =) is a BHS continuous map and (R, Tx, &, =X) is 
a BHS compact space, then V55)((¥, Te, ©, 7&)) is a BHS compact. 


Proof. Let {(fi,fis©) : 4 © I} be a BHS cover of Wy5((R, ®, D)). Since U,5, is a BHS continuous 
map, then, for each i € J, Wis (Gat %)) is a BHS open set in (Rt, TR, ¥,-). Then, the collection 
{U5 (Cis fir %)) : i € I} forms a BHS cover of (KR, ,¥). Since (I, Ty, X, 7D) is a BHS compact, then 
we have (#, ®, 5) = 0 {WIA ((f, fi. 5) : ¢ = 1,2,...,n} = WAG A.) : d= 1,2,...,n}) so that 


Dyar((R, ®,5))C Ohh, fi, S) :i=1,2,...,n}. Hence, Wysa((R, ®, X)) is a BHS compact space. 


Definition 4.9. A collection € of BHS sets is said to have the finite intersection property if the BHS intersection 
of members of each finite subcollection of € is non-null BHS set. 


Proposition 4.10. A BHSTS (8, Tz, ©, 7%) is a BHS compact if and only if every collection of BHS closed 
subsets of (R, ®, X) with the finite intersection property has a non-null BHS intersection. 


Proof. Let (#, Tz, &, 7X) be a BHS compact space and let pp = {(g;,gi, &) : 1 € I} be a collection of BHS 
closed subsets of (R, ®, 1) with the finite intersection property and suppose, if possible, rf (Gisfid) 2 € 
T} = (®,R,E). Then, Ci{(gi,gi,E)° : i € I} = (R,B,¥). This means that {(g;,g;,E)° : i € I} is BHS 
open cover of (R, ®,%). Since (8, 7x, 4, 7L) is a BHS compact space, we have that Cf (gi, Fis »)) a 
1,2,...,n} = (R, ®,E) which implies that A{(g:,9;,5)° : i = 1,2,...,n} = (®, R,). But this contradicts 
the finite intersection property of jz. Hence, we must have {(g;,g;,L) : i € I} # (®,R, Dd). Conversely, 
let every collection of BHS closed subsets of (Jt, ®, ©) with the finite intersection property has a non-null 
BHS intersection and let {(g;,gi, =) : i € I} be a BHS open cover of (R, &, ¥) so that Of (gi, Fis Ly: e 
I} = (R,B,E). Then, Fi{(g;,g;,E)° : i € I} = (®,R,E). Hence, by hypothesis M{(g;,9;,5)° : i = 


1,2,...,n} = (®,®,Z). Then, O{(g;,9;,E) : i = 1,2,....n} = (R,®,D). Thus, (%, Tm, E, -D) is a BHS 
compact space. 


Proposition 4.11. If (R, 7, ©, -) is a BHS compact space, then (R, Ty, ©) is a HS compact. 


Proof. Straightforward. 


Proposition 4.12. Let (R, T;, ©) be a HSTS and let (R, Te, ©, -D) be a BHSTS constructed from (R, Ty, ©) 
as in Proposition If (R, Ty, &) is a HS compact space, then (R, Tx, X, 7X) is a BHS compact. 


Proof. Let (R,7;¢, ) be a HS compact space and let the collection {(g;, gi, X) : i € I} be a BHS open cover 
of (R, &, ©) such that (R,&,©) = 0 {(gi,g;,5) : i © I}. Then, R = Ulyi(0) : i € I} forall £ € B. 
Since (Wt, Tyf, X) is a HS compact space, then Jt = Ufgi(¢) : i = 1,2,...,n}. Since (Al) = R \ g(L) for 
all £ € ¥, then ® = Nf{G(A0) : i = 1,2,...,n}. Hence, (R, ®,E) = Ci {(Gi,gi,u) : i = 1,2,...,n}. Thus, 
(KR, Tsz, 2, aX) is a BHS compact space. 
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5 Conclusions 


In this paper, we have made a contribution to the field of BHSTs. In the frame of BHS maps, we have defined 
new types of maps namely continuous map, open map, closed map, and homeomorphism map. In addition, 
the concept of BHS compact space have been studied. Also, We have created some examples to validate 
and illustrate the obtained conclusions and relations. The relationships between these notions and their HS 
analogues have also been discussed. As a future work, one can extend the proposed work to IndetermSoft Set, 
IndetermHyperSoft Set and TreeSoft Set and their corresponding Fuzzy, Intuitionistic Fuzzy, Neutrosophic 
forms and other Fuzzy-extension. 
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